HITCHIN INTEGRABLE SYSTEMS, DEFORMATIONS OF 
SPECTRAL CURVES, AND KP-TYPE EQUATIONS 



ANDREW R. HODGEi AND MOTOHICO MULASE^ 

Abstract. An effective family of spectral curves appearing in Hitchin fibra- 
tions is determined. Using this family the moduli spaces of stable Higgs bun- 
dles on an algebraic curve are embedded into the Sato Grassmannian. We show 
that the Hitchin integrable system, the natural algebraically completely inte- 
grable Hamiltonian system defined on the Higgs moduli space, coincides with 
the KP equations. It is shown that the Serre duality on these moduli spaces 
corresponds to the formal adjoint of pseudo-differential operators acting on the 
Grassmannian. From this fact we then identify the Hitchin integrable system 
on the moduli space of Sp2m-Higgs bundles in terms of a reduction of the 
KP equations. We also show that the dual Abelian fibration (the SYZ mirror 
dual) to the 5p2m-Higgs moduli space is constructed by taking the symplectic 
quotient of a Lie algebra action on the moduli space of GL-Higgs bundles. 



1. Introduction 

The purpose of this paper is to determine the relation between the KP-type 
equations defined on the Sato Grassmannians and the Hitchin integrable systems 
defined on the moduli spaces of stable Higgs bundles. The results established are 
the following: 

(1) We determine the effective family of spectral curves appearing in the Hitchin 
fibration of the moduli spaces of stable Higgs bundles. 

(2) We embed the effective family of Jacobian varieties of the spectral curves 
into the Sato Grassmannian and show that the KP fiows are tangent to 
each fiber of the Hitchin fibration. 

(3) The moduli space of Higgs bundles of rank n and degree n{g — 1) on an 
algebraic curve of genus g > 2 is embedded into the relative Grassmannian 
of [21 m [23] . Using this embedding we show that the Hitchin integrable 
system is exactly the restriction of the KP equations on the Grassmannian 
to the image of this embedding. 

(4) It is shown that the Krichever construction transforms the Serre duality 
of the geometric data consisting of algebraic curves and vector bundles on 
them to the formal adjoint of pseudo-differential operators acting on the 
Grassmannian. By identifying the fixed-point-set of the Serre duality and 
the formal adjoint operation we determine the KP-type equations that are 
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equivalent to the Hitchin integrable system defined on the moduh space of 
S'p2m-Higgs bundles. 
(5) There are two ways to reduce an algebraically completely integrable Hamil- 
tonian system: one by restriction and the other by taking a quotient of a Lie 
algebra action that is similar to the symplectic quotient. When applied to 
the moduli spaces of Higgs bundles, these constructions yield SYZ-mirror 
pairs. We interpret the SL-PGL and Sp2m-S02m+i dualities in this way. 
Let Qc be the category of complex Lie groups, and Cy the category of Calabi-Yau 
spaces. For a compact oriented surface E of genus g > 2, the functor 

Hom(7ri(I]), •)//• -Gc^Cy 
assigns to each complex Lie group G its character variety 

Hom(7ri(S), G)//G, 

where 7ri(S) is the central extension of the fundamental group of E. The quotient 
by conjugation is the geometric invariant theory quotient of Mumford ^21j . An 
amazing discovery of Hausel and Thaddeus [8] , and its generalizations by [3 [14] 
and others, is that the character variety functor transforms the Langlands duality 
in Gc to the mirror symmetry of Calabi-Yau spaces in the sense of Strominger-Yau- 
Zaslow dH]: 

Hom(fri(E), • )// ■ 

Gc > cy 

Langlands DualJ^ Mirror Dual 

Gc > cy 

Hom(fri(S), • )// ■ 

The character variety Hom(7ri(I]), G) //G has many distinct complex structures [H 
[T4] . To understand the SYZ mirror symmetry among the character varieties, it is 
most convenient to realize them as Hitchin integrable systems. In his seminal papers 
[TUl [TT| , Hitchin identifies the character variety with the moduli space of stable 
G-Higgs bundles, which has the structure of an algebraically completely integrable 
Hamiltonian system. 

An algebraically completely integrable Hamiltonian system |4l [31] is a holomor- 
phic symplectic manifold {X, uo) of dimension 2N together with a holomorphic map 
H : X ^ Q* such that 

(1) a general fiber H^^{s), s G g*, is an Abelian variety of dimension N, 

(2) g* is the dual Lie algebra of a general fiber H~^{s) considered as a Lie 
group, and 

(3) the coordinate components of the map H are Poisson commutative with 
respect to the symplectic structure uj. 

The notion corresponding to an algebraically completely integrable Hamiltonian 
system in real symplectic geometry is the cotangent bundle of a torus. The proce- 
dure of symplectic quotient is to remove the effect of this cotangent bundle from a 
given symplectic manifold. In the holomorphic context, it is often useful to take the 
quotient by a family of groups that have the same Lie algebra. Suppose we have a 
Lie algebra direct sum decomposition g = fli ©02- If fli-action on X is integrable to 
a group Gi_s-action in each fiber H~^{s) for s € then we can define a quotient 
X//qi as the family of quotients H~^{s)/Gi^s over 02- We can also construct a re- 
duction of {X, uj,H) by restricting the fibration to 02 ^^nd considering the family of 



HITCHIN SYSTEMS, SPECTRAL CURVES, AND KP EQUATIONS 



3 



g2-orbits in H^^{s), if the g2-action is integrated to a group action over 02- When 
applied to the moduh space of Higgs bundles, these two constructions yield Abelian 
fibrations that are dual to one another, producing an SYZ mirror pair. We examine 
these constructions for the SL-PGL and Sp2m-S02m+i dualities. 

From the resuhs established in [4l [TBI [iTl fT9]. we know that linear integrable 
evolution equations on the Jacobians or Prym varieties are realized as the restriction 
of KP-type equations defined on the Sato Grassmannians through a generalization 
of Krichever construction. Since the Hitchin integrable systems are defined on a 
family of Jacobian varieties or Prym varieties, we need to embed the whole family 
into the Sato Grassmannian to compare the Hitchin systems and the KP equations. 
To deal with families, we use two different approaches in this article. One approach 
is to utilize the theory of Sato Grassmannians defined over an arbitrary scheme 
developed in [21 HI [221 ES] . In this way we can directly compare the integrable 
Hamiltonian systems on the Higgs moduli spaces and the KP equations. The other 
approach is to examine the deformations of spectral curves that appear in the 
Hitchin Hamiltonian systems. Once we identify the effective family of spectral 
curves, we can embed the whole family into a single Sato Grassmannian over C, 
using the method developed in [16j . 

The second approach has an unexpected application: we can identify the effect 
of Serre duality operation on the algebro-geometric data in terms of the language 
of Grassmannians. Note that Sato Grassmannians are constructed from pseudo- 
differential operators [24l[25]. We will show, using Abel's theorem, that the Serre 
duality is simply the formal adjoint operation on the pseudo-differential operators. 
Since the 5'p-Hitchin system is the fixed-point-set of the Serre duality on the GL- 
Hitchin system, we can determine the integrable equations corresponding to the Sp 
case as a reduction of the KP equations on the fixed-point-set of the formal adjoint 
action on pseudo-differential operators. Since our formal adjoint is slightly different 
from what has been studied in the literature 13, 27, 29J, the equations coming up 
for the symplectic groups are not BKP or CKP equations. Let 

be a formal pseudo-differential operator, where ai{x) is a matrix valued functions. 
We define the formal adjoint by 

^-E (;!)'■ «.(-.)'. 

The reduction of the KP equations that corresponds to the S'p-Hitchin system is 
the 2m-component KP equations that preserve the algebraic condition 





L 








I'm 



for a 2m x 2m matrix Lax operator L with the leading term • d/dx. Several 
authors have proposed integrable systems with S'p2m-symmetry (cf. |3D]). It would 
be interesting to study our reduction (jl.ip from the point of view of integrable 
systems and to investigate the relation with the other Sp integrable systems. 

The fundamental literature of the algebro-geometric study of the Hitchin inte- 
grable systems and related topics is the book [i] by Donagi and Markman. Our 
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present paper employs a slightly different perspective, that leads to the discovery 
of the KP-type equations corresponding to the Sp Hitchin system. 

The relation between the Hitchin integrable systems and the KP equations was 
also studied in [15 . The treatment there was limited to the study of the Hitchin 
system on a single fiber. The present article extends the result therein. 

We also note that many topics of this paper have been studied by the Salamanca 
school of algebraic geometers from yet another point of view [21 H El [22] • 

The paper is organized as follows. The first section is devoted to reviewing 
the Hitchin integrable systems of [31 [TT] . We then determine an effective family 
of spectral curves in Section [S] Section [4| is devoted to giving two constructions 
of reduced integrable systems from a Hitchin system: one is a straightforward 
specialization, and the other is a kind of symplectic reduction by a Lie subalgebra. 
These two constructions give rise to an Abelian fibration and its dual Abelian 
fibration. We show that the GL-Hitchin integrable system is equivalent to the 
KP equations in Section [5l The identification of the Serre duality in terms of 
Grassmannians and pseudo-differential operators is carried out in Section[6l Finally 
we determine the KP-type equations for the Sp Hitchin system. 

2. Hitchin integrable systems 

In this section we review the algebraically completely integrable Hamiltonian 
systems defined on the moduli spaces of Higgs bundles, following [3l [4l [TOl lllj. 

Throughout the paper we denote by C a non-singular algebraic curve of genus 
g > 2. The moduli space of semistable algebraic vector bundles on C of rank n and 
degree d is denoted by lAc{n, d). When n and d are relatively prime, a semistable 
bundle is automatically stable, and the moduli space is a non-singular projective 
algebraic variety of dimension n?'{g — 1) -I- 1. We denote by 

(2.1) Uc{n)^Y[^c{n,d) 

the space of all stable vector bundles. A Higgs bundle is a pair {E, (p) consisting of 
an algebraic vector bundle £^ on C and a global section 

(2.2) (/> G ff°(C, EndiE) ® Kc) 

of the endomorphism sheaf of E twisted by the canonical sheaf Kc of C. A Higgs 
bundle is stable if ^^^f^fp < ,.ank^ every (/(-invariant proper holomorphic vector 
subbundle F. An endomorphism of a Higgs bundle [E, cj)) is an endomorphism ip 
of E that commutes with 0; 

E — ^ E 




E®Kc > E^Kc 

^(g)i 



It is known that i?°(C, End(_E, 0)) — C for a stable Higgs bundle, and one can 
define the moduli space of stable objects. We denote by Hc{n, d) the moduh space 
of stable Higgs bundles of rank n and degree d on C, and 

(2.3) ncin)^l[nc{n,d). 
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Note that the Serre duality induces an involution on 'Hc{n) defined by 

(2.4) Ucin, d) 3 {E, <j>) ^ {E* ® Kc, -<l>*) e Hc{n, -d + 2n{g ~ 1)). 

The dual of the Higgs field 4> : E E ® Kc is a homomorphism ((>* : E* ® K^^ — * 
E*. We use the same notation for the homomorphism E* (g) Kc — > i?* Kq'^ 
induced by 0*. 

If E is stable, then {E,(j)) is stable for any of (|2.2p . And if (/) = 0, then the 
stability of [E, (p) simply means E is stable. Therefore, the Higgs moduli space 
contains the total space of the holomorphic cotangent bundle 

(2.5) T*Ucin,d) cHcin^d), 
since 

H°{C,End{E) (g) Kc) = H\C,End{E))* ^Tl^Uc{n,d). 
Note that p*A^{Uc{n,d)) C A^{T*Uc{n,d)) has a tautological section 

(2.6) r, e H"{T*Uc{n,d),p*A\Uc{n,d))), 

where p : T*V(c{'n,d) Uc{n,d) is the projection, and A*" denotes the sheaf of 
holomorphic r-forms. The differential lo = —drj of the tautological section defines 
the canonical holomorphic symplectic form on T*Uc{n, d). The restriction of w on 
Uc{n, d), which is the 0-section of the cotangent bundle, is identically 0. Therefore 
the 0-section is a Lagrangian submanifold of this holomorphic symplectic space. 
Let us denote by 

n 
i=l 

As a vector space Vqj^ has the same dimension of H^{C^ End(i?) ® Kc)- The Higgs 
field (p : E ^ E ® Kc induces a homomorphism of the i-th anti-symmetric tensor 
product spaces 



A* (<?!>) : ^HE) — > A'{E ® Kc) = A'iE) ® K$\ 



or equivalently A'{(f)) e H"{C,Eiid{/\^E)) K^'). Taking its natural trace, we 



obtain 

tr A' (0) e H°{C,K$'). 
This is exactly the i-th characteristic coefficient of the twisted endomorphism 4>: 

n 

(2.8) det(a; -,/,)= x" + ^(-l)Hr A' (0) • x"-\ 

1=1 

By assigning the coefficients of (|2.8p . Hitchin [TT] defines a holomorphic map, now 
known as the Hitchin fibration or Hitchin map, 



(2.9) H : Hcin, d) 3 {E, 0) ^ det(x - <^) G i?"(C, K®') = 



GL- 



The map H to the vector space is a collection oi N = 'n?{g — \) + 1 globally 
defined holomorphic functions on Ti.c{n,d). The 0- fiber of the Hitchin fibration is 
the moduli space Uc{n, d). 
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To determine the generic fiber of iJ, the notion of spectral curves is introduced 
in [TT]. The total space of the canonical sheaf Kc — A^(C) on C is the cotangent 
bundle T*C. Let 

(2.10) TT : T*C — > C 
be the projection, and 

T e H°{T*C,TT*Kc) C H°{T*C,A^{T*C)) 

be the tautological section of Tr*Kc' on T*C. Here again lut-'C = —dr is the 
holomorphic symplectic form on T*C. The tautological section t satisfies that 
(7*T = a for every section a £ H^{C,Kc) viewed as a holomorphic map a : C ^ 
T*C. The characteristic coefficients (j2.8p of (f> give a section 

n 

(2.11) s = det(r - 0) = r®" + ^(-l)Hr (0) • r«^"-i G H°{T*C, 7r*if®"). 

i=l 

We define the spectral curve Cs associated with a Higgs pair {E, (j>) as the divisor 
of 0-points of the section s = det(r — </)) of the line bundle n*K^"': 

(2.12) = {s)o C T*C. 

The projection tt of (|2.10p defines a ramified covering map tt : ^ C of degree n. 

There is yet another construction of the spectral curve Cg. Since the section 
s = det(r — (f>) is determined by the characteristic coefficients of (j), by abuse of 
notation we identify s as an element of Vqj^ : 

s = (si, S2, . . . , Sn) = (-tr (j), tr {(j)), (-l)"tr A" (0)) 

n 

G0/J°(C,i^«^). 

i=l 

It defines an Oc-module (si + S2 + ■ • • + Sn) ■ if® Let 2^ denote the ideal 
generated by this module in the symmetric tensor algebra Sym(i^^"^). Since K^^ 
is the sheaf of linear functions on T*C, the scheme associated to this tensor algebra 
is Spec(Sym(if^^)) = T*C. The spectral curve as the divisor of 0-points of s is 
then defined by 



(2.13) 



= Spec |^ ^y"^^^c') ^ ^ Spec(Sym(Xci)) = T*C. 



We denote by ?7reg the set consisting of points s for which Cs is non-singular. It is 
an open dense subset of Vq^ [3]. We note that since deg{Kc) = 2g — 2 > 0, every 
divisor of T*C intersects with the 0-section C. Therefore, if Cs is non-singular, 
then it has only one component, and is therefore irreducible. The genus of Cs is 
g{Cs) = n'^ig — 1) -l- 1, which follows from an isomorphism 

n-l 
i=0 

as an Oc-module. 

The Higgs field (p G H^{C, End(£') ® Kc) gives a homomorphism 

V-.Kc^ ^ End(i?), 
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which induces an algebra homomorphism, still denoted by the same letter, 

: Sym{K(^^) — > End{E). 

Since s £ Vqj^ is the characteristic coefficients of (p, by the Cayley-Hamilton theo- 
rem, the homomorphism ip factors through 

Sym{K(:}) — > Sym(A'pi)/J, — > F.nd{E). 

Hence E is a. module over Sym(if^^)/Xj of rank 1. The rank is 1 because the ranks 
of E and Sym{K^^)/Is are the same as Oc-modules. In this way a Higgs pair 
{E, (f)) gives rise to a line bundle Ce on the spectral curve Cs, if it is nonsingular. 
Since Ce being an Oc^-module is equivalent to E being a Sym(i4r^^)/Xs-module, 
we recover E from Ce simply by E = ■K^CE^ which has rank n because tt is a 
covering of degree n. From the equality X{C,E) = X{Cs,Ce) and Riemann-Roch, 
we find that degCE — d + n{n ~ l){g — 1). To summarize, the above construction 
defines an inclusion map 

H-\s) c Pic'^+"("-^)(9-i)(a) ^ 3&c{Cs), 

if Cs is non-singular. 

Conversely, suppose we have a line bundle C of degree d+n{n—l)(g—l) on a non- 
singular spectral curve Cs- Then 7r,j£ is a module over tt^Ocs = ^y^iKc^)/^s, 
which defines a homomorphism —>■ End(7r*£), or equivalently, t/j : t:^,jC — > 

7r*£ (g) Kc- It is easy to see that the Higgs pair (7r*£, ip) is stable. Suppose we had 
a -i/j-invariant subbundle F C tt^.C of rank k < n. Since {Fjiplp) is a Higgs pair, 
it gives rise to a spectral curve Cs' that is a degree k covering of C. Note that 
the characteristic polynomial s' = det{x — ip) is a. factor of the full characteristic 
polynomial s — det(a; — 4>). Therefore, Cs' is a component of Cs, which contradicts 
to our assumption that Cs is irreducible. Therefore, n^C has no -i/j-invariant proper 
subbundle. Thus we have established that 

(2.14) i7-i(s) = Pic''+"("-i)(s-i)(C,)- Jac(C,), seU,,^cVSL- 

The vector bundle 7t^,C itself is not necessarily stable. It is proved in [3] that the 
locus of C in Pic'''''"'-""^^^^"^'' (Cs) that gives unstable 7r*£ has codimension two or 
more. 

Recall that the tautological section 

77 e H°{T*Uc{n,d),p*A\Uc{n, d))) 

is a holomorphic 1-form on T*Uc{n,d) C TLc{ri,d). Its restriction to the fiber 
H^^{s) of s £ J7reg for which Cs is non-singular extends to a holomorphic 1-form 
on the whole fiber H~^{s) = Jac(Cs) since 77 is undefined only on a codimension 
2 subset. Hence extends as a holomorphic 1-form on H^^{Uycg)- Thus is well 
defined on T*Uc{n, d)UH~^{Urcg)- The complement of this open subset in Hcin, d) 
consists of such Higgs pairs {E, 0) that E is unstable and Cs is singular. Since the 
stability of E and the non-singular condition for Cs are both open conditions, this 
complement has codimension at least two. Consequently, both the tautological 
section 77 and the holomorphic symplectic form lu = —drj extend holomorphically 
to the whole Higgs moduh space Hc{n, d). 

We note that there are no holomorphic 1-forms other than constants on a Jaco- 
bian variety since its cotangent bundle is trivial. It implies that 
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for s e C/rcg- Therefore, a generic fiber of the Hitchin fibration is a Lagrangian sub- 
variety of the holomorphic symplectic variety {'Hc{n, d),uj). The Poisson structure 
on H^{TLc{n, d), Oji^(^n.d)) is defined by 

{/,<?} - uj(Xf,Xg), f,ge H"(ncin,d),Onain,d)), 
where Xf denotes the Hamiltonian vector field defined by the relation df = •). 
Since uj vanishes on a generic fiber of H, the holomorphic functions on Ticin^d) 
coming from the coordinates of the Hitchin fibration are Poisson commutative with 
respect to the holomorphic symplectic structure uj. Therefore, {Hc{n, d),uj, H) is 
an algebraically completely integrable Hamiltonian system [11[3T], called the Hitchin 
integrable system. 

Theorem 2.1 (Hitchin TT]). The Hitchin fibration 

H -.Hcin^d) ^VSl 
is a generically Lagrangian Jacobian fibration that defines an algebraically com- 
pletely integrable Hamiltonian system {Ti.c{n,d),u!, H). A generic fiber H^^{s) is 
a Lagrangian with respect to the holomorphic symplectic structure lo and is isomor- 
phic to the Jacobian variety of a spectral curve C's- 

The Hitchin map H restricted to T^Uc{n, d) for a stable i? is a polynomial map 

n 

T*EUc{n,d) = H^{C,Y.iid{E)®Kc) 9 ^ det(a; - 0) G H°(C, if®') 

i=i 

consisting of g linear components, ig ~ i quadratic components, bg — b cubic com- 
ponents, etc., and (2n — \){g ^ 1) components of degree n. Thus the inverse image 

H-\s)r\T*EUc{n, d) 

for a generic [E, (j>) consists of 

n 

(2.15) 5 = 

i=l 

points [3]. Consequently, the map 

(2.16) p : Jac(C^) ^ H-\s) — > H-\0) =Uc{n,d) 

is a covering morphism of degree S. 

Let us now determine the Hamiltonian vector field associated to each coordinate 
function of H. Take a point {E.cf)) € T*Uc{n,d) n H^^{U^cg)- The tangent space 
of the Higgs moduli space at this point is given by 

(2.17) T(E.,<k)'Hc{n,d) = H^ {C .,Y.nd{E)) ® H^ {C ,Y.nd{E) ® K c) ■ 

Since the symplectic form uj = —drj is the exterior derivative of the tautological 
1-form rj of (|2.6p on T*Uc'{n, d), the evaluation of uj at {E, </)) is given by 

(2.18) Lu{{ai,bi), (a2, b^)) = {aiM) - (02, 

where (ai, 61), (02, 62) e H^{C,'&nd{E)) ® H°{C,'&nd{E) ® Kc), and 
(•,•) : iJi(C, End(£;)) ©iJ"(C, End(£;) ®Xc) — ^ C 

is the Serre duality pairing. This expression is the standard Darboux form of the 
symplectic form w. Choose an open neighborhood Yi of E in Uc{n, d) on which the 
cotangent bundle T*lAc{n, d) is trivial. Then _ff is a polynomial map 
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H:YiX H°{C, End(i;) ® Kc) 3 (E' , (f) 

n 

^ s ^ det{x - (f>) e 0i/"(C,if®') 
1=1 

that depends only on the second factor. The differential dH(^E,<p) at the point {E, (f)) 
gives a linear isomorphism 

n 

(2.19) dHf^EA) ■■ H\C, End(i?) ® Kc) ^ @ H°{C, Kf ). 

As to the first factor of the tangent space of (|2.17p . we use the differential of the 
covering map p of (|2.16p : 

(2.20) dpi^E,^) ■■ H\Cs,OcJ ^ H\C\End(E)), 

where s — H{E, cf)). The dual of (|2.19p . together with (|2.20p . gives an isomorphism 

dof 



(2.21) Vgl =^H'iC,K^^') = H'iCn^OcJ 



i=0 



H\C,EndiE)) ^ H\C„OcJ. 



From (|2.19p and (|2.2ip . we see that the tangent space to the Higgs moduli is given 

by 

n n 

TiE,^)'Hc{n,d) - 0i7i(C,if-®('~^)) ©0i/"(C,X«^) 
^^-^^i i=i i=i 

= Vol ® VSl- 

Therefore, the symplectic form has a decomposition into n pieces lo = lui + lu2 + 
• ■ • + w„, and in each factor H\C, K~'^'''~^^) ® H°{C, K$'), Ui takes the standard 
Darboux form 

(2.23) cu,((al,fel),(4,6*2)) = {a\,b\), - (4,51),;, 

where (aj, 5^), (4, 5^) S H^{C, K^^^'^'^^) ® H°{C, K$'), and (•,•), is the duality 
pairing of H\C, K^^'^'^'^^) and H°{C,K§'). 

Since s — H{E, (/>) e Uicg is a regular value of H, there is an open subset 
^2 C [/fog C Vqj^ around s such that H^^{Y2) is locally the product of the fiber 
H^^{s) and Y2. By taking Yi smaller if necessary, we thus obtain a local product 
neighborhood 

p-\Yi)nH-\Y2) = YixY2=Y 

of {E,(j)) in Hcin.d). By construction, the projections to the first and the second 
factors coincide with the projection p : T*lAc{n, d) —>■ lAc{n, d) and the Hitchin map 
H: 

Y 

Yi Y2. 
The neighborhood Y and these projections provide the Darboux coordinate system 
for w, and its expression (|2.18l[^?^ globally holds on Y. In particular, the Hamil- 
tonian vector fields corresponding to the components of H on Y are constant vector 
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fields that are determined by elements of H^{C,K^, ) for each i = 1, . . . ,rt. 
Let {hi, . . . , Hn) be a linear coordinate system of Vqj^, where N — n^{g — 1) + 1. 
Since Vqj^ — H^{C, K®^), each coordinate function is an clement of Vgl'- 

ri-l 

(2.24) hi,...,hf,^VGL^@ HHC K^®'). 

i=Q 

Since H°{Cs,OcJ = C, the Hitchin map H : Hcin, d) V^^ is actually the pull 
back of the coordinate functions H~^{hi), . . . , H~^{hM) on H~^{Urcg) C Hcin, d). 
The identification of Vgl as the first factor of the tangent space in (|2.22p gives 
the Hamiltonian vector fields corresponding to the coordinate components of the 
Hitchin map. We have therefore established that the Hamiltonian vector fields are 
linear flows with respect to the linear coordinate of the Jacobian Jac(Cs) determined 
by (|2.2ip . Of course each of these linear flows extends globally on Jac(Cs) since the 
tangent bundle of a Jacobian is trivial and a local linear function extends globally 
as a linear function. 

Theorem 2.2 (Hitchin llj). The Hamiltonian vector fields corresponding to the 
Hitchin fibration are linear Jacobian flows on a generic fiber iJ^^(s) ^ Jac(Cs). 

How does the construction of the spectral data {Ce,Cs) from a Higgs pair [E, (f>) 
change when we consider the Serre dual {E* Kc, —0*)? To answer this question, 
first we note 

tr A' {(f>) = tr A* (0*) £ H"{C, End(A'i;) K'c) 

^^■^^^ = H°{C, End(AX£^* Kc)) ® K'c). 

For s — (si, S2, • ■ • , s„) £ Vql^ write s* = (— si, S2, . . . , (— l)"s„). By defini- 
tion, the spectral curves Cs and Cs* are isomorphic. As divisors of T*C, their 
isomorphism Cs = e(Cs») is induced by the involution of T*C 

(2.26) e : T*C 3 {p, x) i — > (p, -x) e T*C, 

where p e C and x G T*C. 

Proposition 2.3 (Hitchin |il2j). The spectral data {Ce'^Kct^s*) corresponding 
to the Serre dual (E* ® Kc, — </>*) of the Higgs pair {E, </>) is given by 

jC-E-(g,Kc = ^*{^E®Kc^ 

Cs' = e{Cs). 

The degree of these isomorphic line bundles is — deg(£') + (n^ + n){g ~ 1) . 
Proof. We use the exact sequence of |3l [12] that characterizes C e ■ 

— > Ce(E) K^l (g, Ti*Kc — > Ti*E — >t:*{E® Kg) — > Ce® Tr*KG — > 0. 
The dual of this sequence is then 

— >C*E® n*Kc — > T^*{E* ® Kg) — > n*{E* (g, K$^) 

— > C*e(E) Kg, ® TT*Kc — > 0. 

Thus the spectral data of the Higgs pair {E* ® Kc,(f>*) is {C*^ ® Kg,,Cs). The 
involution e comes in here when we consider the Higgs pair {E* ® Kg, —(f>*)- O 
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Proposition 2.4. Hitchin's integrable system for the group S'p2m(C) is realized as 
the fixed-point-set of the Serre duality involution (E, (f) f— > [E* (g) Kc, —</'*) defined 
on the Higgs moduli space 'Hc{2m, 2m{g — 1)). 

Proof. The fixed-point-set consists of Higgs pairs {E, (j)) sucli that E = E* ® Kc 

— 1/2 

and 4> = —(/)*. Choose a square root of Kc and define F = E (g) Kq ' . The Higgs 
field (f) — —(j)* naturally acts on this bundle, and the pair {F, </)) forms the moduli 
space of S'p2m-Higgs bundles [12] . The characteristic coefficients satisfy the relation 
s — s* , hence 

rn 

(2.27) seVsy = ^H^{C,K§''). 

i=i 

The spectral curve Cg has a non-trivial involution e : Cg Cg- From the exact 
sequence 



— y Ce(E> K^l ® 'K'*Ky'^ >TT*{E® K^^^'^) — y-K^E® K^^) 



— > Ce® tt*Kc^^ — > 0, 

we see that Cp Ce ® 'n*K~^^^^ and Lp' = e* Cp ® Kc^ ® 'k*K^^^'^ . If we define 
Co = Cf® tt*K~"'^^'^ following [H], then CI ^ e*Co. □ 

3. Deformations of spectral curves 



The Hitchin fibration ()2.9|) is a family of deformations of Jacobians, but it is not 
effective. In this section we determine the natural effective family associated with 
the Hitchin fibration. 

An obvious action on Ti.c{n,d) that preserves the spectral curves is the scalar 
multiplication of Higgs fields </> i— > A ■ by A g C*. Although this C*-action is not 
symplectomorphic because it changes the symplectic form uj i-^ X-lo, from the point 
of view of constructing an effective family of Jacobians, we need to quotient it out. 
We note that the C*-action on Vcl defined by 

n 

(3-1) = H°{C, Kf ) 3 S = (Si, S2, . . . , Sn) 

1=1 

I — > \-s = (Asi,A2s2,...,A"s„) e VcL 
makes the Hitchin fibration C*-equivariant: 

Hc{n,d) ^ > Hc{n,d) 



(3.2) 



H 



H A e 



®UH°{C,K^^) . ®7=,H^{C,K^% 

aiag(A,...,A") 



Since Cs is defined by the equation (|2.1ip . the natural C* -action on the cotan- 
gent bundle T*C gives the isomorphism \ : Cg ^ Cx.g that commutes with the 
projection tt : T*C — > C. The line bundles C(e,4,) on Cg and C^E,\<i>) on Cx.g 
corresponding to E are related by this isomorphism by 
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Another group action on the Higgs moduh space that leads to trivial deforma- 
tions of the spectral curves is the Jacobian action. The Jac(C)-action on Hc{n, d) 
is defined by i — > {E (g) £,0), where L G Jac(C) Pic"(C) is a line 
bundle on C of degree 0. The Higgs field is preserved in this action because 
(E ® L)* ® {E ® L) ^ E* ® E is unchanged, hence 

(j) £ H"{C, End(£;) Kc) = H°{C, Eiid{E ® L) Kc). 

Thus the cotangent bundle T*Uc{n, d) is trivial along every orbit of the Jac(C)- 
action on Ucin, d), and each Jac(C)-orbit in TLc{n, d) lies in the same fiber of the 
Hitchin fibration. Let us identify the Jac(C)-action on a generic fiber H~^{s) = 
Jac(Cs). The covering map tt : Cg ^ C induces an injective homomorphism tt* : 
Jac(C) 9 L I — > TT*L e Jac(Cs). This is injective because if tt*L = Oc^, then by 
the projection formula we have 

n-l 

TT,{TT*L)=TT,Oc^r^L = ^L(S)K$-\ 

i=0 

which has a nowhere vanishing section. Hence L = Oc- Take a point {E,(t)) G 
H~^{s) and let Ce be the corresponding line bundle on Cg. Since tt^,{Ce ®tt*L) = 
E ® L, the action of Jac(C) on H^^{s) = Jac(Cs) is through the canonical action 
of the subgroup 

Jac(C) ^ 7r*Jac(C) c Jac(Cs) 

on Jac(Cs). 

On the open subset T*l4c{n, d) of Ti,c{n, d), the Jac(C)-action is symplectomor- 
phic because it is induced by the action on the base space Uc{n,d). On the other 
open subset H~^(Ui-cg) the action is also symplectomorphic because it preserves 
each fiber which is a Lagrangian. Since the symplectic form lo is defined by ex- 
tending the canonical form cu = —drj to 7ic{n,d), the Jac(C)-action is globally 
holomorphic symplectomorphic on Ti.c{n, d). This action is actually a Hamiltonian 
action and the first component of the Hitchin map 

(3.3) Hi : ndn, d) 3 {E, 0) ^ tr(0) G Kc) 

is the moment map. Note that H^{C, Oc) is the Lie algebra of the Abelian group 
Jac(C), and H'~'{C, Kc) is its dual Lie algebra. Since the infinitesimal action of 
H^{C,Oc) on the Higgs moduli space defines a vector field which is obtained by 
identifying H^{C,Oc) with the first component of (|2.21[) . the symplectic dual to 
this vector field is the map to the first component of second factor in (I2.22p . i.e, 
Hi. 

We can therefore construct the symplectic quotient Ti,c{n, d) // Ja.c{C), which we 
will do in Section 3] Here our interest is to determine an effective family of spectral 
curves. The moment map Hi of (j3.3p being the trace of (j), it is natural to define 

n 

(3.4) V^^ = = H'{C, K$^) c VS^. 

i=2 

This is a vector space of dimension {n^ — l){g^l). Now consider a partial projective 
space 

(3.5) nn'cHn,d)) = {H-\Vs\)\H-\0))/C*. 
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This is no longer a holomorphic syniplcctic manifold, yet the Hitchin fibration 
naturally descends to a generically Jacobian fibration 



(3.6) PH : V{n^c {n,d)) ^ P^(V^s*l) 

over the weighted projective space of Vj^ defined by the restriction of (|3.ip on V^^. 
We now claim 



Theorem 3.1 (Effective Jacobian fibration). The Jacobian fibration 
is generically effective. 



The rest of this section is devoted to the proof of this theorem. The state- 
ment is equivalent to the claim that the family of deformations of spectral curves 
parametrized by ¥w{Vgj^) is effective. Let s e Vgj^ be a point for which the spectral 
curve Cs is non-singular, and s the corresponding point of Pw{Vgj^). We wish to 
show that the Kodaira-Spencer map 

is injective, where TX denotes the tangent sheaf of X. 

The spectral curve Cg of (|2.11[) is the divisor of T*C defined by the section 

det(T - 0) e i?"(T*C,7r*i^®"), 

where r is the tautological section of tt*Kc on T*C. Let Afs denote the normal 
sheaf of Cg in T*C. Since Kt-'C = A'^{T*C) = Ot*c by the holomorphic symplectic 
form LJc = —dr, we have 

From 

> TCs > TT*C\c^ > Afs > 0, 

we obtain 

> H"iC,,TT*C) — ^ -ff"(C„A/;) H\C,,rCs) 



(3.7) 

Since 



H\C„TT*C) > H\C„Ms)- 



1=1 

the homomorphism n is the Kodaira-Spencer map for the deformations of spectral 
curves on Vg^. We thus need to identify the image of l. We note that the tangent 
sheaf and the cotangent sheaf are isomorphic on the total space of the cotangent 
bundle r*C, i.e., TT*C ^ K^{T*C). 

Proposition 3.2. We have the following isomorphisms: 

H°{T*C,A°{T*C)) ^ C 
(3.8) H°{T*C,A\T*C)) ^ H°{C,Kc)®C-t 

H°{T*C,A^{T*C)) ^ C. 
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Proof. The first isomorphism of (13. 8p asserts that every globally defined holo- 
morphic function / on T*C is a constant. A section cr e H^{C,Kc) is a map 
a : C T*C. Take an arbitrary pair of points {x,y) in T*C. If they are not on 
the same fiber, then there is a section a such that both x and y are on the image 
(t(C). Since / is constant on (t(C), f{x) — f{y). If they are on the same fiber, then 
choose a point z € T*C not on this fiber and use the same argument. 

Since A^(T*C) = Ot*c, the third isomorphism follows from the first one. 

The second isomorphism of (13. 8p asserts that every holomorphic 1-form a on 
T*C is either the pull-back of a holomorphic 1-form on C via tt : T*C C, the 
tautological 1-form r, or a linear combination of them. Let a : C T*C be an 
arbitrary section. Since the normal sheaf of cr(C) in T*C is K„(^c): we have on 
a(C) 

> K;^c) ' KHT*C)®0^(c) ^ i^.(C) * 0. 

Therefore, identifying C = cr(C), we obtain 

0^i7°(C,Ai(r*C)®Oc) —'H^iCKc) ^ H\C.K^^) 

H^{C,K^{T*C)®Oc) -^H\C,Kc) — >0. 

Here kq is the Kodaira-Spencer map assigning a deformation of C to a displacement 
of C in T*C through a section of But since a{C) is always isomorphic to C, we 
do not obtain any deformation of C in this way. Hence kq is the 0-map. Therefore, 

(3.9) H"{a{C),A'{T*C) ® O^^c)) = K^^c)) = ^c). 
Now consider an exact sequence on T*C 

— > A^{T*C) ® Ot*c{~<j{C)) — > A\T*C) 
which produces 

— > H"{T*C,A\T*C) (E) OT'ci-criC))) — > H°{T*C,A^{T*C)) 

^i/"(a(C),Ai(r*C)®a(c)). 
Because of p.9[) . the homomorphism r is equal to the pull-back 

r = a*: H° {T* C , A\T* C)) — > H°{C,Kc) 

by the section tr : C ^ T*C. It is surjective because ct* o tt* = idHO(^c,Kc)- 
Therefore, we have a splitting exact sequence 

(3.10) — > H^{T*C,A\T*C) (E)0{~a{C))) — > H°{T*C,A^{T*C)) 

The tautological 1-form r e H°{T*C,t:* Kc) defines 

— > TT*Kc — > A\T*C) ^ A^{T*C) ® Ot'c{-C) — > 0, 
noting that r vanishes along the divisor C C T*C. Since 

H°{T*C, A^{T*C) ® Ot'c{-C)) = H"{T*C, Ot*c(-C)) = 0, 

we obtain 

H°{T*C,n*Kc) ^ H'^{T*C,A^{T*C)). 
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Take a £ H^(T*C,K^{T*C) ® Ot-^c{-C)) ^ H°{T*C,tt* Kc{-C)). Then 
q/t e H°{T*C, TT*Kc{~C) ® TT*K(^\C)) ^ H°{T*C, Ot-c) = C. 
Therefore, a is a constant multiple of r, and we have obtained 

(3.11) H"{T*C, A\T*C) ® Ot*c(-C)) = C. 
From (|3.10p and (|3.1ip . we conclude that 

□ 

Lemma 3.3. Let s G Vqj^ be a point such that the spectral curve Cs is nonsingular. 
Then we have an isomorphism 

(3.12) H^{Cs,TT*C) ^ H^{Cs,A\T*C)) ^ H"{T*C, A\T*C)). 

Proof. The hue bundle on T*C that corresponds to the divisor Cs CT*C is tt*K§''. 
Thus 

Ot'c{-Cs) - 7r*if®(-") - OT'c{-nC). 
As above, let us consider an exact sequence 

— > A\T*C) (E> 0{-nC) — ^ A^{T*C) — > A\T*C) (E> Oc, — > 
and its cohomology sequence 

— > H^{T*C, A^{T*C) ® 0{~nC)) — > H°{T*C, A\T*C)) 

^ H°{Cs,A^{T*C)®Oc^. 

From p. lip , we have 

H°{T*C, A\T*C) ® OT*c{-nC)) = 

for n >2, hence q is injective. 

Take f3 e H°{Cs, A^{T*C) ® CcJ, and extend it as a meromorphic 1-form on 
T*C. Since deg Kc = 2g — 2 > 0, every divisor of r*C intersects with the 0-section 
C, and since Cs ^ nC as a divisor, it also intersects with Cs- If £> C T*C is the 
pole divisor of (3, then it cannot intersect with Cs, hence D = %. Therefore, q is 
surjective. □ 

Let us go back to the Kodaira-Spencer map p.7p . We now know from p.8p and 
([XT^ that 

n 

(3.13) 0^ H\C,Kc)®C-T ^^H\C,Kf:') ^ H\Cs,Kc]). 

4=1 

The iJ*'(C, i4rc)-factor of the second term of (|3.13p maps to the first component 
of the third term via the injective homomorphism t. The tautological 1-form r on 
T*C that appears as the second factor of the second term is mapped to a diagonal 
ray in the third term. 

To see this fact, we recall that the tangent and cotangent sheaves are isomorphic 
on T*C through the symplectic form ljc = —dT. Let v be the vector field on T*C 
corresponding to t through this isomorphism, i.e., t = wc(-,i')- This vector field v 
represents the C*-action on T*C along fiber. In terms of a local coordinate system, 
these correspondences are clearly described. Choose a local coordinate z on the 
algebraic curve C around a point p G C, and denote by x the linear coordinate on 
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T*C with respect to the basis dzp. Then at the point (p, xdzp) € T*C we have the 
foUowing expressions: 

T = X dz 
LOc — dz A dx 

The A e C* action on T*C generated by the vector fields v produces a displacement 
of Cs C T*C to C\.s, which corresponds to the equivariant action of A on Ti.c{n, d) 
as described in (13. 2p . In terms of the holomorphic 1-form t, its restriction on Cs 
gives an element 

n 

This is the image ^(t) of (|3.13p . 

Summing up, we have constructed an injective homomorphism 

n 

(3.14) V*sJ'^^{^H\C,Kf))lL{H\C,Kc)®^-T)^H\Cs,Kl}). 

i=l 

The image of k represents the generic Kodaira-Spencer class of the Hitchin fibration 
PH of p.6p . This completes the proof of Theorem 13.11 

4. SyMPLECTIC quotient of the HIGGS moduli SPACE AND Prym 

FIBRATIONS 

The Hamiltonian vector fields corresponding to the coordinate components of the 
Hitchin map 7ic'(n, d) — > are constant Jacobian flows along each fiber of the 
map. Suppose we have a direct sum decomposition of Vgl hito two Lie subalgebras 

n-l 

Vgl = ^H\C,KS-') ^0^® 32- 

i=0 

Then there are two possible ways to construct new algebraically completely inte- 
grable Hamiltonian systems. If the fli-action on Ti.G{n,d) is integrated to a group 
action, then it is Hamiltonian by definition and we can construct the symplectic 
quotient. Or if the g2-action is integrated to a group action instead, then we may 
find a family of g2-orbits in Ti,c{n,d) fibered over the dual Lie algebra Q2- ™" 
portant difference between real symplectic geometry and holomorphic symplectic 
geometry is that in the latter case integrations of the same Lie algebra may gen- 
erate different (non-isomorphic) Lie groups. Consequently, the idea of symplectic 
quotient has to be generalized so that we can allow a family of groups acting on a 
symplectic manifold. The discovery of Hausel and Thaddeus in [Sj is that the above 
two constructions lead to mirror symmetric pairs of Calabi-Yau spaces in the sense 
of Strominger-Yau-Zaslow In this section we consider two cases, the SL-PGL 
duality and the Sp2m-S02m+i duality. 

The SL-PGL duality comes from the decomposition 



VGL=H\C,OG)(Bi^H\C,K$-^) 
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Obviously, the vector fields generated by the H^{C, Oc)-action are integrable to the 
Jac(C)-action everywhere on TLc{n, d). Therefore, we do have the usual symplectic 
quotient mod Jac(C). On the other hand, the integration of the other Lie algebra 

dcf 



produces different Lie groups, called Prym varieties, along each fiber of the Hitchin 
fibration. 

The spectral covering tt : — > C induces two group homomorphisms dual to 
one another, the pull-back tt* and the norm map NuItt defined by 

TT* : Jac(C) 3L< — > 7r*i G Jac(C,) 

(4.1) 

Nnv : Jac(Cs) 3 C> — > dct{Tr^C) det(7r*C'cJ" e Jac(C). 
In terms of divisors the norm map can be defined alternatively by 

Pic{Cs) 3 ^ m(p) - pi — > ^ m{p) ■ tt{p) G Jac(C). 

pec, peCs 
The Prym variety and the dual Prym variety 

2^ Prym(a/C) Ker(NmO 

Prym*(C,/C) =^ Jac(C,)/7r*Jac(C) 

constructed by using these homomorphisms are Abelian varieties of dimension 
g{Cs) — g{C) and are dual to one another. The algebraically completely integrable 
Hamiltonian systems with these Abelian fibrations, that are naturally constructed 
from 7ic{n,d), then become SYZ-mirror symmetric. 

We have shown in Section [3] that the Jac(C)-action on Tic{n, d) is Hamiltonian. 
So we can define the symplectic quotient 

(4.3) Pnc{n,d) =^Hc(«,rf)//Jac(C) = Hj;\0)/3ac{C). 

This is a symplectic space of dimension 2{n^ — l){g — l) modeled by the moduli space 
of stable principal PGL„(C)-bundles on C [TOt lllj. Since the Jac(C)-action on 
TLc{n,d) preserves the Hitchin fibration, we have an induced Lagrangian fibration 

n 

(4.4) HpGL ■■ VUcin, d) ^ = H"{C, K^'). 

It's 0-fiber is Hp^^{0) = llc{n, d)/Jac(C). Following [21] we denote by SUc{n, d) 
the moduli space of stable vector bundles with a fixed determinant line bundle. 
This is a fiber of the determinant map 

(4.5) Uc{n, d)3 E< — > dct E e Pic'^{C), 

and is independent of the choice of the value of the determinant. Note that (|4.5|) 
is a non-trivial fiber bundle. The equivariant Jac(C)-action on (|4.5|) is given by 

Uc{n,d) > Uc{n,d) 

(4.6) detj jdot L G Jac(C). 
Pic'^(C) > Pic^(C) 
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The isotropy subgroup of the Jac(C)-action on Ucin,d) is the group of n-torsion 
points 

(4.7) J„(C) "^^{L e Jac(C) = Oc} = H^iC,Z/nZ), 

since E ® L = E imphes det(i?) ® L®" = det(i?). Choose a reference hne bundle 
Lo G Pic''(C) and consider a degree n covering 

V : Pic'^(C) 3L(g)Lo' — > i®" Lo e Pic''(C), L e Jac(C). 

Then the puU-back bundle v*Uc{ri,d) on Pic''(C) becomes trivial: 

v*Uc{n,d) = Pic''(C) X SUc{n,d). 

The quotient of this product by the diagonal action of Jn{C) is the original moduli 
space: 

(4.8) (Pic'^(C) X SUc{n,d))/Jn{C)^Uc{n,d). 
It is now clear that 

Uc{n,d)/Jsic{C) '^SUc{n,d)/Jn{C). 

What are the other fibers of ()4.4|) ? Let s G n C/rog be a point such that Cg is 
non-singular. We have already noted that the covering map tt : — > C induces an 
injective homomorphism tt* : Jac(C) 3 L i — > it*L £ Jac(Cs). Therefore, the fiber 
HpQj^{s) is isomorphic to the dual Prym variety Prym* (C^/C). Similarly to the 
equivariant action (|4.6p . we have 

Jac(Cs) — > Jac(Cs) 

(4.9) Nm| |Nm L £ Jac(C). 

Jac(C) > Jac(C) 

By the same argument of (|4.8|) . we obtain 

(4.10) (Prym(a/C7) x Jac(C))/ J„(C) ^ Jac(a). 
From (|42)) and (|4?T0| . it follows that 

Prym*(C,/C) = Prym(a/C)/ J„(C). 
We have thus established 

Theorem 4.1 ([Ullll])- The natural fibration 

n 

HPGL ■■ VHcin, d) Vs^L = H°{C, Kf) 

1=2 

of (|4.4p is a Lagrangian dual Prym fibration with respect to the canonical holomor- 
phic symplectic form Co on VHcin, d). 

We recall that the Higgs moduli space Hc{n,d) contains the cotangent bundle 
T*lAc {n, d) as an open dense subspace, and that the holomorphic symplectic form 
u is the canonical symplectic form on this cotangent bundle. Similarly, we can show 
the following 
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Proposition 4.2. The symplectic form oj on VHcin^d) given by the symplectic 
quotient is the canonical cotangent symplectic form on the cotangent bundle 

T*{SUc{n,d)/JniC)) cVncin,d). 

Proof. Let i? be a stable vector bundle on C. The exact sequence 

y Oc > Eiid{E) y Q = Eiid{E)/Oc > 

induces a cohomology sequence 

> H^{C,Oc) > H\C,End{E)). 

Therefore, 

TE{SUc{n,d)/Jn{C)) ^ H\C,End{E))/H\C,Oc). 
Dualizing the situation, we have 

— > Endo(-B) (E)Kc — > End{E) ® Kc ^ Kc — > 0, 
where Endo(-E) is the sheaf of traceless endomorphisms of E. We then have 

— > H°{C, Endo{E) (g, Kc) — > H"{C, Eiid{E) (g> Kc) 

^ H"{C,Kc) — y 0. 

The trace homoniorphism is globally surjective because Oc is contained in End(-E). 
Hence 

T^{SUc{n,d)/Jn{C)) = H°{C,Eiido{E)®Kc). 

Since the moment map Hi of (|3.3[) is the trace map, we conclude that the symplectic 
form tj on the symplectic quotient VTicin, d) is the canonical cotangent symplectic 
form on the cotangent bundle 

T*{SUcin,d)/MC)). 

□ 

The other reduction of Hc{n, d) consisting of the Vgi-orbits is the moduli space 
STi.c{n, d) of stable Higgs bundles {E, 0) with a fixed determinant det{E) = L and 
traceless Higgs fields 

G i?°(C, EndoiE)(E)Kc). 

This moduli space is modeled by the moduli space of stable principal 5'L„(C)- 
bundles on C and has dimension 2{n'^—l){g—l). The cotangent bundle T*SUc{n, d) 
is an open dense subspace of S7ic{n, d). Since tr((/i) = 0, the Hitchin fibration H 
of (12. 9p naturally restricts to 

n 

(4.11) HsL : Snc{n,d) Vs*l = if ®^). 

1=2 

The 0- fiber is Hg^{0) — SHcin^d). For a generic s e Vgj^ such that Cg is non- 
singular, the fiber Hgl(s) is the subset of H^^{s) = Jac(Cs) consisting of Higgs 
bundles {E,(j)) such that det(£') = i is fixed and det(a; — <f)) ~ s. Therefore, 
Hslis) - Prym(C,/C). 

By comparing VHcin^d) and STi.cin,d), wc find that 

(4.12) SHcin, d)/ J„(C) ^ VHcin, d). 
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where the J„(C)-action on STi.c{n,d) is defined by E t-^ E (S) L ioi- L E Jn{C). 
Since Jn(C) is a finite group and VTicin, d) is a holomorphic symplectic variety, 
we can define a holomorphic symplectic form (Jj on ST-lc{n,d) via the pull-back of 
the projection 

SHc{n,d) -^Snc{n,d)/Jn{C). 

Obviously oj agrees with the canonical cotangent symplectic form on T*Shic{n^ d). 
Therefore, 

Theorem 4.3 ([Illlll)- The fibration 

n 

HsL ■■ SUcin, d) F<?L = H'^iC Kf) 

is a Lagrangian Prym fibration with respect to the canonical holomorphic symplectic 
form uj on STLc{n,d). 

Hausel and Thaddeus [5] shows that 

Theorem 4.4 (Theorem (3.7) in [8J). The two fibrations 

Snc{n,d) VHcin,d) 





are mirror symmetric in the sense of Strominger-Yau-Zaslow |28j . 

The effectiveness of the family of Prym and dual Prym varieties can be estab- 
lished by the same method of Section [3l Let us define partial projective moduli 
spaces 

nVUcin.d))"^' {Vnc{n,d)\Hp},^{Q))/C* 

and 

P(<SHc(n,rf)) =' {SHc{n,d)\Hsl{Q))/C*. 
The induced Hitchin maps are denoted by 

PHPGL : nVHcin, d)) — > P„(y<?J 

^' ' PHsL.nsnc{n,d)) ^¥^{y^^). 

We have the following 

Theorem 4.5. The Prym and dual Prym fibrations 

PHsL : nsncin,d)) PUVsl) 
PHpGL ■■ P{Pnc{n,d)) Pw{V^l) 
are generically effective. 

For the case of 5'p2m(C)-Hitchin systems, we consider Lie subalgebras 

m — 1 

-2i\ 



(4.14) 

^ ' m-l 



m—1 



C 

i=0 
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and a direct sum decomposition 

(4.15) Vgl^^ = fl © Vsp. 

This time the Hamihonian flows on TLc{n,d) generated by elements of g do not 
form a group action. However, if we restrict our attention to points of C/rog H Vg^ as 
in (|2.27[) . then the integral of the Lie algebra action becomes a group action. Recall 
that the spectral curve Cg has an involution induced by e of (|2.26p . We denote by 

(4.16) r:Cs~^C',^ Cs/{e) 

the natural projection. It is ramified at the intersection of Cs with the 0-section of 
T*C, which is the divisor of tt*Kc on Cs of degree 4rn((7 — 1). Therefore, we find 
the genus of C[. by the Riemann-Hurwitz formula: 

(4.17) g{Ci) = TO(2m - l){g - 1) + 1 dimg. 
Since H^{C'g, r^,OcJ has a nowhere vanishing section, we have 

(4.18) > Oc'^ > nOc, > N-^ > 

with a line bundle N on C'g of degree 2m (5 — 1). Note that 

iV®2 ^ det(r,OcJ®"' = Nm,(7r*ifc), 

hence iV is a square root of the branch divisor ^'air{'K* Kc) of the covering r. The 
exact sequence (|4.18p gives 

(4.19) H\Cs,Oc^ ^ H\C',,OcO ® H\C'„N-^), 

and the projection to the first factor is the differential of the norm map 

Nm^ : Jac(Cs) 9 £ 1 — > Aet{r^C) ® det{r^OcX^ ^ Jac(Cs). 

The construction of the 5p-Hitchin system of Proposition l2.4l is to reduce the GL- 
Hitchin system Hci^m, 2m{g — 1)) by finding the right fibration of groups. Along 
the fixed-point-set of the Serre duality on this Higgs moduli space, the action of Vsp 
generates the Prym fibration {Piym{Cs / C'^)} s£v* since the condition £S = e*£o 
on Cs is the same as Cq £ Prym(Cs/Cs). Comparing (|4.15p and (|4.19p . we have 

H\C',,OcO=B and H^iC'^, N'^) ^ Vsp. 

The dual fibration is the result of a kind of symplectic quotient of Ti.c{'2m, 2m{g — 
1)) by g. In this quotient we restrict the Hitchin fibration to the 0-fiber of 

rn 
i=l 

and then take the quotient of each fiber by the Lie group Jac(C^) of g. The result 
is the dual Prym fibration with a fiber 

Prym*(Cs/C^) = Jac(Cs)/Jac(CO = Prym{C s / C'J / J2{C'J 

over each s G Vg , where J2{C's) denotes the group of 2-torsion points of Jac(Cs). 
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5. HITCHIN'S INTEGRABLE SYSTEMS AND THE KP EQUATIONS 

The partial projective Hitchin fibration 

Pi? :P(Hg^(n,d)) ^P^(Fs*i) 

is a generically effective Jacobian fibration. In this section we embed P{HQ^{n, d)) 
into a quotient of the Sato Grassmannian. There is also a natural embedding of 
Hcin, n{g — 1)) into a relative Grassmannian of [H [H [l^l [53]. We show that the 
linear Jacobian flows on the Hitchin integrable system (T-lc{n,n(g — l)),uj,H) are 
exactly the KP equations on the Grassmannian via this second embedding. 
Following Quandt [23], we define 

Definition 5.1 (Sato Grassmannian). Let n be a positive integer. The Sato Grass- 
mannian Grn is a functor from the category of schemes to the small category of 
sets. It assigns to every scheme S a set Grn{S) consisting of quasi- coherent Os- 
submodules W ofOs{{z))®"' such that both the kernel and the cokernel of the natural 
homomorphism 

(5.1) Ker(7w) Os{(z))®^ / OsM]®'' Coker(7H') — ^ 

are coherent Os modules. We refer to this condition simply the Fredholm condition. 
Here we denote by Os[[z]] the ring of formal power series in z with coefficients in 
Os, and Osiiz)) = Os[[z]] + Os[z-^]. 

Remark 5.1. A more general and powerful theory of relative Sato Grassmanni- 
ans has been recently established by Plaza Martin [22^ . It would be an interesting 
project to study possible relations between [22] and the geometric Langlands cor- 
respondence. 

Remark 5.2. The Grassmannian G7'„(C) defined over the point scheme Spec(C) 
has the structure of an infinite-dimensional pro-ind scheme over C. If is ir- 
reducible, then Grn{S) is a disjoint union of an infinite number of components 
indexed by the Grothendieck group K{S): 

(5.2) index : Gr„(S') 3W< — > indcx(7vi/) =^ Ker(7i4') - Coker(7vi/) e K{S). 

Remark 5.3. The big cell is the open subschcme of the index piece of the 
Grassmannian Gr"(S') consisting of W's such that 714^ is an isomorphism. This is 
the stage where the Lax and Zakharov-Shabat formalisms of integrable nonlinear 
partial differential equations, such as KP, KdV, and many other equations, are 
interpreted as infinite-dimensional dynamical systems |24[ 125] . The fundamental 
result is the identification (|6.17|1 of the big cell with the group of 0-th order monic 
pseudo-differential operators [lH [23l [24l [25] . 

Remark 5.4. The above is a closed subset of Os((z))®" with respect to the 
topology defined by the filtration 

• ■ • D z^-l • Os[W]®" ^ z" ■ Os[W]®" 3 z^'+l • Os[W]®" 3 ■ • ■ . 
One of the consequences of the Fredholm condition is that 



(5.3) 



Wnz'' ■Osllz]]®'' =^0 fori/»0. 
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Consider the group 



(5.4) r„(5) = 



1 



Os[[z] 



Os[[z]l 



consisting of n x n invertible diagonal matrices with entries in the ring of formal 
power series whose constant term is scalar diagonal. It acts on Grn{S) by left- 
multiphcation without fixed points. Indeed, let W G Grn{S) and c + 7 € Og ■ /„ + 
z ■ Os[[2]]®" satisfy that W = {c + l) - W. This means that 1 ■ w & W Iot: every 
w € W since W is an Og-module. Since 7 G z • ©^[[z]]®", it then contradicts to 
(|5.3p unless 7 = 0. The quotient Grassmannian 



(5.5) 



Zn — Grn/Tn 



is a smooth infinite-dimensional scheme. We denote by W the point of Z„ corre- 
sponding \.oW& Gvn- 

The tangent space TwGrn of the Sato Grassmannian at W is given by the space 
of continuous O^-homomorphisms 

TwGr,, = Homos {W, Os{{z))®'^ /W). 

The tangent space to Z„ is then given by 

(5.6) T^Zn = Homo, {W, Os((^))®7(r« • W)) . 

This expression does not depend on the choice of the lift W G Gr^ of G Z„. 
Every element a G Os{{z))®"' defines a homomorphism 

KP{a)w ■.W3w^ a-w G C's((^))®"/(r„ • W) 

through the left multiplication as a diagonal matrix, which in turn determines a 
global vector field 

Os{{z))®^ 3a^ KP{a) G H^Zn.TZn). 

We call KP{a) the n-componcnt KP flow associated with a. As explained in [T^ 
[T71 [TOl [53] , the quotient of the index zero Grassmannian is naturally identified 
with the set of Lax operators (I6.18[) . and the action of Os{{z))®^ on a Lax operator 
is written as an infinite system of nonlinear partial differential equations called Lax 
equations. This system for the case of S* = Spec(C) is the n-component Kadomtsev- 
Petviashvili hierarchy |16j . 

Associated to the Hitchin fibration H : Ti,c{n,d) ^gl have a family of 
spectral curves: 



(5.7) 



inclusion 



T*C X V, 



GL 





GL 



Here the fiber F~^{s) of s G V^^ is the spectral curve Cs C T*C x {s}, and p2 
is the projection to the second factor. We note that the ramification points of the 
covering tt : Cg ^ C are determined by the resultant of the defining equation 

(5.8) x" + six''-'^ + • • • + s„ = 
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of Cs and its derivative 

(5.9) nx"-i + (n - l)six"~i + ■ • • + s„_i ^ 0. 

For every s £ Vqj^, we denote by Res(s) this resultant. The Sylvester matrix of 
these polynomials (|5.8[) and (|5.9[) show that 



Res(s) ei70(C,i^^"'"-')). 
Since the linear system \Kc\ is base-point-free, for every choice of p £ C, the subset 

(5.10) [/p = {s G Vqi^ I Cs is non-singular and n : Cs C is unramified at p} 
is Zariski open in Vqj^. 

Theorem 5.5. There is a rational map 

/i:P(7^g^(n,d)) ^Zr"(s-i)(C) 

of the partial projective moduli space of Higgs bundles into the quotient Grassman- 
nian of index d — n{g — 1). This map is generically injective. At a general point of 
the image of the embedding the n-component KP flows defined on Zn{C) are tangent 
to the mtchin fibration PH : V{H^^{n,d)) — > Vw{V^l)- 

Proof. A point of the partial projective Higgs moduli space represents an isomor- 
phism class of spectral data (tt : — ^ C, C) , where C is a line bundle on Cg of 
degree d + {n^ — n){g — 1) . Choose a point p € C, a coordinate z of the formal 
completion Cp of C at p, and s G Up H Vg^ so that Cs is non-singular and tt is 
unramified over p. The formal coordinate z defines an identification O^j = C[[z]]. 
We also choose a local trivialization of C around 7r~^(p), i.e., an isomorphism 

(5.11) P:C\^ -u.^^c =C[[zr". 



Since the formal completion Cg jr-i(p) is the disjoint union of n copies of Cp, the 
formal coordinate z also defines an identification = Cffzll®". 

Now define 

W - PiH^iCs \ 7T-\p),C)) c C((z))®", 
which is the set of meromorphic sections of C that are holomorphic on Cs \ Tr~^{p) 
and have finite poles at Tr~^{p). Since we have 

(KeTilw) = H°{Cs,C) 
\cokeT{-fw) = H\Cs,C), 

W is a point of the Grassmannian Grt "^^ of index d — n{g — 1). The different 
choice of the local trivialization /3' in (|5.1ip leads to an element /3' o f3^^ £ r„. 
Therefore, the point W G Zn "'"^ ^''(C) is uniquely determined by (tt : Cs — > 
C,p,z,C). Conversely this set of geometric data is uniquely determined by W (see 
Section 5 of [H]). Thus the rational map /i is generically one-to-one. Notice that 
the r„ action on the Grassmannian is inessential from the geometric point of view 
because it simply changes the local trivialization of (|5.1ip . 
The tangent space at a general point of F{Ti,Q^{n, d)) is 

H\Cs,OcJ®V^JC. 

Since the Kodaira-Spencer map (j3.14p is injective, it suffices to show injectivity of 
the natural map 
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d^l : H\Cs,OcJ®H\C,,Kc^) Honi(W^, C((0))®"/W^) 

= TwGr„(C), 

which is induced by the local trivialization of Oc^ and Kq coming from the choice 
of the local coordinate z. Using z, we define 

Aw - H"iC, \ 7r-\p),OcJ C C((z))®", 
which is a point of the Grassmannian satisfying 

[Cokeril A,,) = H^{Cs,Oc J. 
We note that Aw is a ring and W is an AH^-niodule. Since 

i?i(Cs, OcJ is injectively mapped to Hom(VF, C((z))®"/1¥). 
The local coordinate z determines a local trivialization of Kc 



Kc\r -dz^Or 



and hence that of K^^ 



This trivialization gives 

C((0))®" • d/dz 



Dw + C[[z\]®^ - d/dz' 
where 

Dw = H\C,\^~\p),Kc]) C C((z))®" • d/dz. 
Note that 5 € y^^. determines an element of H^{Cs^Kc^) because 

n 

1=1 

This holomorphic 1-form on Cs induces a homomorphism 
or equivalently, 

K-] (S)C — >£. 

In terms of the local coordinate z, this homomorphism gives an action of Dw on 
W. Since Dw ■ W C W, we conclude that H^{Cs, K^^) is injectively mapped to 
TwGrn{C). In this construction H^{Cs,OcJ and H^{Cs, K^^) have no common 
element in TwGrn{C) except for 0. This establishes the injectivity of d^. 

In [16] , it is proved that the orbit of the n-component KP flows starting from W 
is isomorphic to Pic'*+("'-")(s-i) (c'^) (Theorem 5.8, [H]), which is the fiber of the 
Hitchin map PH. This completes the proof of the theorem. □ 
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The above theorem does not say anything about the Hitchin integrable system, 
because the partial projective moduU space is not a symplectic manifold and we do 
not have any integrable systems on it. To directly compare the Jacobian flows of the 
Hitchin systems and the KP flows, we use the relative Grassmannian of ^23] defined 
on the scheme Up of (|5.10p . So let n^^{p) = {pi, . . . ,p„}, and denote by Zi = n*{z) 
the formal coordinate of Cs^p-. Choose a linear coordinate system (hi, . . . , /iat) for 
Vg^ as in (j^TM)) . RecaU that tt^Oc, = ®7=qK^~\ and from we have 

n-l 

H\Cs,OcJ = ^ H\C,KS-^) = Vgl. 

i=0 

Using the Cech cohomology computation based on the covering C = (C \ {p}) U Cp, 
we expand each hk &Vgl as 

n 

(5.12) hk^^^UjkZ^^, tijk^C 

i=i j>i 

The n-component KP flows on the Grassmannian Grn{Up) is defined by a formal 
action of 



AT 

(5.13) exp l^^^i,,fez-^ 

^1=1 j>i k=i 

For degree d = n{g — 1), we have the following: 



Theorem 5.6. Let us choose a point p G C, a formal coordinate z of Cp, and a 
square root of the canonical sheaf Kq"^ . Then the fihration 

€vg, (n, n{g - 1)) = ^ C x V^^ 




determines a point W G GrJ'j(C/p). There is a birational map from Ti,c{n, n{g — l)) to 
the orbit of the n-component KP flows on the quotient Grassmannian Z'^{Up) start- 
ing from W . The Hitchin integrable system on the Higgs moduli space Ti.cin,n(g — 
1)) is the pull-back of the n-component KP equations via this birational map. 

1 /2 

Proof. We regard C,p,z, and KJ being defined over the trivial family C x Vqj^. 

1/2 

There is a natural choice of a local trivialization of KJ on Cp determined by the 
coordinate z. Note that 

(5.14) JC'/^''^'7:*{K^^^) 

is a square root of the relative dualizing sheaf K. — 7r*(ifg) on 

tv^^{n,n{g - 1)). 

Take an arbitrary point s £ Up. Since p G C is a point of C at which tt is 
unramified, the formal coordinate z determines a local trivialization of /C^/^ along 
TT^^ip) C €v*j^{n,n{g - 1)). Define 

(5.15) W = i/0(e:y. {n, n{g - 1)) \ n'^p), JC''^) C Oc/,((z))®", 
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using this local trivialization. Since 

Ker(7v^J -i/0(C„if^f) 
Coker(7wJ = H^Cs^K^^^) 

for each s G Up, we have W G Gr°(J7p). Let us analyze the action of (|5.13p at W. 
On each Cs, /ifc — '^tijkz"'' defines an element of H^{Cs,Oc^)- The exponential 
of ()5.13p is the Lie integration map 

(5.16) Vgl = H\Cs,OcJ ^ H\Cs,OcJ/H\Cs,Z) = 3ac{Cs). 

Therefore, the action of (|5.13p at the point W produces simultaneous deformations 
of the line bundle 

(n N \ 

1=1 ]>i fe=i / 

on £1/^^(71, — 1)). Consequently, the orbit of the n-component KP flows on 

Z^{Up) starting at W is naturally identified with the family of Pic" ^^~^\Cs) on 
Up. Since the Hitchin fibration H : Ti,c{n,n{g — 1)) — » is also a family of 

Pic" ^^~^^(Cs) on Vqj^, we have a rational map from H : T-Lc{n,n{g — 1)) to the 
rt-component KP orbit of W in Z'^{Up). 

Recall that the Hitchin integrable system on H : Ti.c{n',n{g — 1)) is the linear 
Jacobian flows defined by the coordinate functions {hi, ... , h^). We note that this 
is exactly what (|5.17p gives. □ 

Remark 5.7. So far we have assumed that Cs is non-singular. Although it will 
not be an Abelian variety, we can still define the Jacobian Jac(Cs) using (|5.16p 
when the spectral curve Cg is singular. As long as we choose p G C so that 
TT^^{p) avoids the singular locus of Cg, the KP flows are well defined. Moreover, 
the theory of Heisenberg KP flows introduced in [H I16| allows us to consider the 
covering tt : Cg — > C right at a ramification point. It is more desirable to define the 
Grassmmanian over the whole Vqj^ and to deal with the entire family F : £v^^ 
Vqj^ together with the moduli stack of Higgs bundles instead of the stable moduli 
we have considered here, since the framework of the Sato Grassmannian allows us 
to consider all vector bundles on C and degenerated spectral curves. We refer to 
[4j for a study in this direction. 



6. SeRRE DUALITY AND FORMAL ADJOINT OF PSEUDO-DIFFERENTIAL 

OPERATORS 

In this section we analyze the Serre duality of Higgs bundles in terms of the lan- 
guage of the Sato Grassmannian, and identify the involution on the corresponding 
pseudo-differential operators. 

The Krichever construction (|17l [191 [25] ) assigns a point W of the Sato Grass- 
mannian, 

(6.1) Gr„(C) 3W^ I3{H\C \ {p}, F)) c C((z))®", 

to a set of geometric data {C,p, z, F, (}), where C is an irreducible algebraic curve, 
p e C is a non-singular point, z is a formal parameter of the completion Cp, F is a 
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torsion-free sheaf of rank n on C, and 

is a local trivialization of F around p. We continue to assume that C is non-singular, 
hence F is locally-free on C. As noted in Section [H the choice of a local coordinate 
z automatically determines a local trivialization of Kq'- 

(6.2) a:Xc|c^^Oc7,-rf^ = 0c,- 

For every homomorphism ^ : _F — > Kc, we have an element 

that is determined by the commutative diagram 



(6.3) 





— ^ Kc 








a 




Op 



Thus we have the canonical choice of the local trivialization 

p Op 

Definition 6.1 (Serre Dual). The Serre dual of the geometric date (C,p, z, F, (3) 
is the set of data {C,p, z,F* ® Kq, (3*)- 

To identify the counterpart of the Serre duality on the Sato Grassmannian, we 
introduce a non-degenerate symmetric paring in C((z)) by 

(6.4) {a(z),b(z)) — (j) a(z)b{z)dz — the coefficient of z^^ in a(z)b{z), 

2vri J 

and define 

(6.5) {f{z),g{z)U = E(/.(^), 9^iz)), f{z), g{z) G C((z))®". 

1=1 

Lemma 6.1. Let W € Gr„(C) be a point of the Sato Grassmannian of index d. 
Then 

= {f e C((z))®" I (/, w)n = for all w e W} 
is a point of Grn{C) of index —d. Moreover, we have 

fKer(7vi/)* = Coker(7w^) 
|Coker(7w')* = Ker(7vK^), 
where is defined by the exact sequence 

— > Ker(7vv) W ^ C((z))®"/C[[z]]®" Coker(7vi/) 0. 
Proof Take an element f eW^D C[[z]]®". Then 

{f,W + C[[z]f^U^O. 

Thus it induces a linear map 

/ : C{{z))/{W + C[[z]fn 3 g ^ {f,g)n e C, 



(6.6) 
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defining a natural inclusion 

(6.7) Ker(7vi/i) C Coker(7w)*. 

Now let h* e Coker(7i4')* be an arbitrary element. Choose a sequence 

{5i,32>53 ■ ■ • }i=i,...,« 
of elements of C((z))®" such that 

(1) ffi- = e^z-^- + ELi Efc>i 

(2) if W has an element whose leading term is e'z^^ for j > 0, then 5* S W. 

Here = (0, . . . , 0, 1, 0, . . . , 0)"^ is the z-th standard basis vector for C". We denote 
by (jj the projection image of 5* in C((z))®"/(Ty + C[[z]]®"). Consider the set of 
equations 

(6.8) (/,5])n = /»*(ffj), * = l,...,n; j = 1,2,3,... 

for / G C[[z]]®". If we write f{z) = J27=i Sj>o o,ije^z^ , then (|6.8p is equivalent to 



i=i 



ai2 = /J*(5'3) ^ l^y^ a-ngisi + 0^5^32 j 



az3 = h*{gi) 



/ ^ angui + a,ngu2 + amg£43 I 



It is obvious that (16. 8|) has a unique solution. By construction we have (/, W)n — 0, 
hence / € Ker(7vi/i)- Therefore, the inclusion (j6.7|) is indeed a surjective map. 
The application of the same argument to n C[[z]]®" establishes that 

Ker(7iy) = Coker(7vK^ )*• 

□ 

Remark 6.2. We note that W-^-^ = W. It is obvious that W C W^^. The 
relation (|6.6p then makes the inclusion relation actually the equality. 



Theorem 6.3. Let W G Gr„(C) be the point of the Grassmannian corresponding 
to a set of geometric data {C',p, z, F, P). Then the point corresponding to its Serre 
dual {C,p,z,F* ®Kc,l3*) is . 

Proof. Let W' be the point of the Grassmannian corresponding to {C,p,z,F* (g) 
Kc,P*)- Note that 

index(7vi/) = dim H°{C,F) - dim H\C\F) ^ -index(7w')- 

Take an arbitrary / e i/°(C \ {p}, F) and g e H^{C \ {p}, F* ® Kc). Then 

g-f^H\C\{p},Kc). 
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From (16. 3|) we see that f3*{g) ■ (3{f) = a{g ■ /). Abel's theorem tells us that the sum 
of the residues of the meromorphic 1-form g • / on C is 0. Since <? • / is holomorphic 
everywhere on C except for p, we have 

= reSp(5-/) = (r(5),/3(/))«. 

Therefore, W' C W^. Since Iw' and Iw^ have the isomorphic kernels and coker- 
nels, we conclude that W' = W^. 



□ 



(6.9) 



The ring of ordinary differential operators is defined as 

d 



V = 



dx 



Extending the powers of the differentiation to negative integers, we define the ring 
of pseudo-differential operators by 



(6.10) 



£ = V 



Let £x be the left maximal ideal off generated by x. Then Z jZx is a left f-module. 
Let us denote d — d/dx. As a C- vector space we identify 

(6.11) S/£x = <C{{d-^)). 

Two useful formulas for calculating pseudo-differential operators are 



(6.12) 



a"-a(x) =^ (")a«(a;)<9 



where a^'^\x) is the i-th derivative of a{x), and 



(6.13) 



i{x) ■ = ^(-1)* 



j>0 



a«(x). 



A pseudo-differential operator has thus two expressions 

|5"-*-a«(a:) 



P = ^a„(:r)a"=^^(-1)^ 

neZ riGZ i>0 

meZ i>0 

The natural projection £ — > £/£x is given by 
(6.14) p : £ 3 P = Y^an{x)d'' 



n 
i 

m + I 
i 



m + I 
i 



a« (0)5™ £ Ciid-')). 



m i>0 

The relation to the Grassmannian comes from the identification 

(6.15) C((z)) 9 f{z) ^ fid-') • d-' e C((9-i)). 

Then C((z)) becomes an f-module. The action of P G 5 on f{z) G C((z)) is given 
by the formula 

p./(z) = p(p./(a-i)a-i)GC((z)). 
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Definition 6.2 (Adjoint). The adjoint of P = ^f^ai{x)d^ is defined by 

p*-5]a^-a,(-x). 

e 

Remark 6.4. Our adjoint is slightly different from the formal adjoint of [l3l[29] . 
which is defined to be '^^i-'-)- This is due to the fact that we are considering 

the action of pseudo-differential operators on the function space C({z)) through 
Fourier transform. Thus d acts as the multiplication of z^^, and x acts as the 
differentiation. 

Let us compute the (to, 7i)-matrix entry of P. Wc find 



e i 



Similarly, we find 



-m — 1 
i 



z 

I. i 



Following [16j , we introduce the ring of differential and pseudo-differential oper- 
ators with matrix coefficients and denote them by 5/„(2?) and gln{£), respectively. 
The adjoint of a matrix pseudo-differential operator is defined in an obvious way: 

(6.16) P - [P^,h,j = l,...,n =^ P* [P*].,, = l,...,„. 

Proposition 6.5. For arbitrary f{z),g{z) £ C((z))®" and P G gln{£) we have the 
adjoint formula 

{f{z),P-giz)U^{P* ■f{z),g{z))n. 
Proof. The statement follows from the above computations, noting the identity 



I J \ I 
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and the usual matrix transposition. □ 

A more direct relation between pseudo-differential operators and the Sato Grass- 
mannian is that the identification of the big cell of G'r„(C) with the group 

(6.17) G^In+ gln{CM)[[d-^]] ■ 

of monic pseudo-differential operators of order ([16j. Theorem 6.5). 

Theorem 6.6. Let W G Gr„(C) be in the big cell, and correspond to a pseudo- 
differential operator S E G . Then corresponds to {S*)^^ G G. 

Proof. The correspondence of S* G G and W in the big cell is the equation 

For f{z),g{z) G C[z"^]®" • we have 

{S* ■ f{z), ■ 5(z))„ = (/(z), ■ 5(z))„ = 0. 

□ 

The Lax operator is defined by 

(6.18) L = S-Ln-d-S-\ 

Lax operators bijectively correspond to points of the big cell of the quotient Grass- 
mannian Z„(C). If W corresponds to L, then W corresponds to L*. Therefore, 
the Serre duality indeed corresponds to the adjoint action of the pseudo-differential 
operators. 



7. The Hitchin integrable system for Sp2m and corresponding 

KP-TYPE EQUATIONS 

In this section we identify the KP-type equations that are equivalent to the 
Hitchin integrable system for Sp2m- Since the moduli space of the S'p2m-IIiggs bun- 
dles is identified as the fixed-point-set of the Serre duality involution on Ti.ci'im, 2m(g- 
1)) (Proposition [2111), we will see that the evolution equations are the KP equations 
restricted to a certain type of self-adjoint Lax operators. 

Let {E,(f>) = {E* ® Kc,—<j>*) be a fixed point of the Serre duality operation 
on the Higgs moduH space ■Hc(2m,2m(,g — 1)), and {Ce,Cs) the corresponding 
spectral data. We choose a point p E C and a local coordinate z as in Section 
We assume that the spectral cover tt : G^ — > C is unramified at p. This time we 
choose a local trivialization 

Then the Serre dual of the data (tt^ : Cs G,p, z, Ce,(I), fi) is 

(tt,. :G,. ^C,p,z,e*{C*E(^Kc^,~(t>\e*l3*)- 
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In general the dual trivialization is defined by 



He 



Or 



c 



'(p) 



/3*(?) 



•/3*(«) 



7. (p) 



Note that in the current case we have s = s* and e : — > Cj is a non-trivial 
involution. Since e commutes with tt, it induces an involution of the set tt~^(j)) — 
{pi, . . . ,p2m}- Let us number the 2m distinct points so that 

e(Pl, ■ • ■ ,P2ra) = {Pl, ■ ■ ■ ,P2ra) ' A 

where 

(7.1) A=\^ 

By the same argument we used in Theorem 16. 3[ if we define 

W = /3{H"iCs \ 7T-\p), Ce)) C C((z))®2™, 

then we have 

(7.2) AW^ =e*(3*iH'>iC,.\TT-\p),e*iC*E®KcJ))cCiiz)f^"'. 

Let us assume that E is not on the theta divisor of [3J so that H^{C,E) = 
H^{C,E) ~ 0. Then W G G'r2m(C) is on the big cell, and hence corresponds to a 
monic 0-th order pseudo-differential operator 5 £ G. Since W ~ AW^, we have 

(7.3) S ^A-{S*)'^ -A. 
The Lax operator 



L — S ■ I^ni ' • S — 



Li 

L3 



L2 

u 



then satisfies that 
(7.4) 

or equivalently 



A-L-A, 



LI 



The time evolution of S and the Lax operator L is given by the formula established 
in Section 6 of [16 . Let S{t) be the solution of the n-component KP equations 
with the initial data 5(0) = S. Then S{t) is given by the generalized Birkhoff 
decomposition of [16l [18] 



(7.5) 



exp(^ yS{0)-' = S{t)-'-Y{t), 



where Di and D2 are diagonal matrices of the shape 
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corresponding to ()5.13p . and Y(t) is an invertible infinite order differential operator 
introduced in [18]. We impose tfiat tlie time evolution S{t) satisfies the same twisted 
self-adjoint condition (j7.3p . Applying the adjoint-inverse operation and conjugation 
by A of dZHI) to (|731) . we obtain 



exp A 



-Do 



A ■ 5(0)-i = S{t)-^ ■ {A{Y{t)*)-^A). 



Therefore, the time evolution (|7.5p with the condition D2 
twisted self-adjointness (j7.3p . We have thus established 



-Di preserves the 



Theorem 7.1. The KP-type equations that generate the Hitchin integrable systems 
on the moduli spaces of Sp2m-Higgs bundles are the reduction of the 2m-component 
KP equations that preserve the twisted self-adjointness ( | 7. 3^ for the operator S , 
or ( |7.^[ ) for the Lax operator L. The time evolution S 1 — > S(t) preserving the 
condition is given by the generalized Birkhoff decomposition 

' S{0)-'^S{t)-^-Y{t), 



(7.6) 



where 



exp 



D ^ 



D 



Remark 7.2. Since the time evolution of (|7.6p is given by a traceless matrix 
diag(£', —D), every finite-dimensional orbit of this system is a Prym variety by the 
general theory of [TB], which is expected from the Sp Hitchin fibration. 
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